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Abstract
In this paper we de3ne the notions of categorical G-crossed modules for a group G and of
2-fold extensions of G by a symmetric G-categorical group A. These concepts cover, respec-
tively, the usual notions of crossed modules of groups and of 2-fold extensions of a group
G by a G-module A as well as those due to Conduch)e of 2-crossed modules and non-abelian
3-extensions of G by a G-module A. We prove that there exists a bijection between the set of
equivalence classes of 2-fold extensions of G by A and H 4(G;A), the fourth Ulbrich (Fr:ohlich–
Wall) cohomology group of G with coe;cients in A. c© 2001 Elsevier Science B.V. All rights
reserved.
MSC: 18D10; 18G50; 18G60
0. Introduction
This paper is concerned with a certain kind of 2-fold extension of a group G by a
symmetric G-categorical group A in order to obtain an interpretation of H 4(G;A), the
fourth cohomology group of G with coe;cients in A.
The cohomology groups we use are those de3ned by Ulbrich (see [16]), which, as
he proves in [17], coincide with Fr:ohlich–Wall’s cohomology groups [8], Hn(G;C), of
G with coe;cients in a monoidal G-graded category C canonically associated to A.
This interpretation generalises the well-known interpretation of the third Eilenberg–
MacLane cohomology group H 3(G; A), of a group G with coe;cients in a G-module A,
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in terms of 2-fold extensions of G by A [9,10]. We also generalise the interpretation of
Conduch)e [5] between the fourth Eilenberg–MacLane cohomology group and the set of
equivalence classes of non-abelian 3-extensions of G by the G-module A: H 4(G; A) ∼=
NA3(G; A).
Ulbrich’s motivations for de3ning the cohomology of groups with coe;cients in
symmetric categorical groups mainly derive from ring theory. He is interested in pro-
viding an interpretation of H 3(G; Pic(A)), where G is a group acting on a commutative
ring A by ring automorphisms and Pic(A) is the category of invertible A-modules. The
interpretation he gives is by means of certain extensions of a group G by a symmetric
G-categorical group A in the form A → D → G; where D is a categorical group
non-necessarily symmetric.
Our aim in this work focuses basically on algebraic topology. In a sequel to this paper
we will show that the main topological signi3cance of our interpretation of H 4(G;A)
(Theorem 3.5) is the fact that it allows us to give an algebraic classi3cation, in terms
of these 2-fold extensions, of [X; Y ], the set of homotopy classes of maps between
spaces X and Y , where X is an Eilenberg–MacLane space of type (G; 1) and Y has
the homotopy type of a symmetric categorical group (and thus, with two consecutive
non-zero homotopy groups, in dimensions 3 and 4). This will be carried out by 3rst
proving that [X; Y ] is in one-to-one correspondence with H 4(G;˝4(Y )), where ˝4(Y )
is the fundamental groupoid of the three iterated loop complex 3(Y ), which has
the structure of a symmetric G-categorical group with trivial G-action (see [2]). We
will thus extend the well-known classi3cation theorem of homotopy classes of maps
between Eilenberg–MacLane spaces by which, if i(X )=0=j(Y ) for all i = 1; j = 3,
then [X; Y ] ∼= 2− Ext[1(X ); 3(Y )], where the latter is the set of equivalence classes
of 2-fold extensions of 1(X ) by 3(Y ) (other classi3cation theorems along these lines
can be seen in [3]).
The article is organised as follows: In Section 1 we give the de3nition of (braided,
symmetric) G-categorical groups and recall Ulbrich’s cohomology for symmetric G-
categorical groups. In Section 2 we de3ne the notion of a categorical G-crossed module
consisting of a G-equivariant morphism d :M→ G, from a G-categorical group M to
the discrete G-categorical group G = (G  G) (with G-action given by conjugation),
together with a coherent family of natural isomorphisms in M; X;Y : dX Y⊗X → X⊗Y ,
for all objects X; Y ∈ M. We show how the usual notion of crossed modules of
groups, as well as of Conduch)e’s 2-crossed modules [5], are particular cases of our
de3nition.
Therefore, given a symmetric G-categorical group A, a 2-fold extension of G by A
is then de3ned as a sequence of categorical group homomorphisms, A j→M d→K q→G,
where K is a group and q an epimorphism of groups, d :M → K is a categorical
K-crossed module and j is a K-equivariant morphism (considering in A the K-action
given via q) which establishes an equivalence between A and the subcategory of M
3bre of d over the neutral element of K . Finally, the last section is devoted to proving
the main result of this paper, which is how these extensions are classi3ed by the
cohomology group H 4(G;A).
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Notations and conventions. First, we recall [12] that a monoidal category G =
(G;⊗; a; I; l; r) consists of a category G, a functor ⊗ :G × G → G, an object I of
G, called the unit object, and natural isomorphisms
a= aX;Y;Z : (X ⊗ Y )⊗ Z → X ⊗ (Y ⊗ Z);
l= lX : I ⊗ X → X; r = rX :X ⊗ I → X;
such that the usual coherence conditions are satis3ed [11,12]. In a monoidal category,
an object X is said to be 2-regular, or invertible, if the functors Y → X ⊗ Y and
Y → Y ⊗ X are equivalences. A categorical group G is a monoidal category where
every arrow is invertible and every object is 2-regular. In this case, it is possible to
de3ne a functor (−)∗ :G→ G; X → X ∗ and natural isomorphisms
m= mX :X ⊗ X ∗ → I; n= nX :X ∗ ⊗ X → I;
such that lX · (mX ⊗ 1X ) = rX · (1X ⊗ nX ) · aX;X ∗ ;X , for all objects X ∈ G. The triple
(X ∗; mX ; nX ) is termed an inverse for X . We will suppose that I∗ = I; mI = rI and
nI = lI . G is said to be a braided categorical group if it is also equipped with a
natural family of morphisms
c = cX;Y :X ⊗ Y → Y ⊗ X
that satisfy the coherence conditions of [11]. A braided categorical group (G; c) is
called a symmetric categorical group if the condition c2 = 1 holds.
A functor F :G → H between categorical groups is deemed a homomorphism if it
is supplied with natural isomorphisms
 = X;Y :F(X )⊗ F(Y )→ F(X ⊗ Y );
compatible with a in the sense of [7]; if G and H are braided, or symmetric, compat-
ibility with c is also required [11]. There exists a (unique) isomorphism [13], 0 : I →
F(I), such that F(rX ) · X;I · (1F(X )⊗ 0) = rF(X ) and F(lX ) · I;X · (0⊗ 1F(X )) = lF(X ),
for all objects X ∈ G. With respect to the inverses, there exist (unique) isomorphisms
kX :F(X )∗ → F(X ∗)
such that F(mX )·X;X ∗ ·(1F(X )⊗kX )=0 ·mF(X ) and F(nX )·X ∗ ;X ·(kX⊗1F(X ))=0 ·nF(X )
for all X ∈ Obj(G).
Given the homomorphisms of categorical groups (F; ); (F ′; ′) :G→ H, a morphism
from (F; ) to (F ′; ′) consists of a natural transformation " :F ⇒ G that interacts with
 and ′ in the sense of [1,11].
1. Preliminaries
In this section we brieMy recall Ulbrich’s cohomology groups Hn(G;A) of a group
G with coe;cients in a symmetric G-categorical group A [16] (see also [14]).
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A (braided, symmetric) G-categorical group is de3ned as a (braided symmetric)
categorical group H together with a homomorphism of categorical groups (a G-action)
(F; ) : (G  G)→ Eq(H)
from the discrete categorical group de3ned by G to the categorical group of autoe-
quivalences, Eq(H), of H de3ned by Breen [1] (see also [4]). It is easy to see that
giving a G-action on H is equivalent to giving equivalences
g(−) :H→ H; X → gX
for each g ∈ G, together with natural isomorphisms
 =  g;X;Y : g(X ⊗ Y )→ gX ⊗ gY;
%= %g;h;X : (g+h)X → g(hX );
%0 = %0;X : 0X → X:
Above, 0 denotes the neutral element of G, such that the coherence conditions of [15]
are satis3ed (see also [4]).
Moreover, for any g ∈ G, there exists a unique isomorphism
(= (g : gI → I
such that ((g⊗ 1gX ) ·  g; I;X = l−1gX ·glX and (1gX ⊗ (g) ·  g;X; I = r−1gX ·grX , for any element
g ∈ G and any object X in H.
A G-categorical group is termed strict when all the isomorphims  g;A;B; %g;h;A; %0;A
and (g are identities. A symmetric G-categorical group A satisfying that cX;X = 1, for
all X ∈ A (that is, a strictly coherent symmetric categorical group in the sense of
[13]) is just a Picard category with a coherent left G-module structure in the sense
of Ulbrich [15].
Another notion closely related with G-categorical groups is that of the Fr:ohlich and
Wall monoidal G-graded categories [8]. Ulbrich [17] shows that there is a one-to-one
correspondence between strictly coherent monoidal G-graded categories and Picard cat-
egories with coherent left G-module structure. This fact is also true in the non-symmetric
case and with a similar proof we see that giving a G-action on a categorical group
H, is equivalent to giving a monoidal G-graded category (C; p), such that Ker(C) is
a categorical group isomorphic to H.
Let H and E be G-categorical groups. A G-equivariant morphism (F; ,) :H → E
consists of a categorical group homomorphism F = (F; ) :H → E and a family of
natural isomorphisms:
, = (,g;X : gF(X )→ F(gX ))(g;X )∈G×Obj(H)
that are compatible with  ; % and %0 in the sense of [15].
If (F ′; ,′) :H → E is another G-equivariant morphism, a morphism " :F ⇒ F ′ is
called G-equivariant if "gX · ,g;X = ,′g;X · g"X , for all g ∈ G and X ∈ H.
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Given a symmetric G-categorical group A, there is a “cochain complex” of the form
0→ AG0 -→AG1 -→· · · → AGn -→AGn+1 -→· · · ;
where AGn is the symmetric categorical group of functors from Gn to A and the
functors - are de3ned by the coboundary operator of group cohomology. One thereby
obtains cocycle categories Zn(G;A) as follows: The objects are the pairs (P; h) where P
is an object of AGn−1 and h : -(P)→ I a morphism in AGn such that --(P) -(h)→ -(I) ∼→ I
is the canonical map morphism determined by the coherent G-categorical structure of
A; a morphism . : (P; h)→ (P′; h′) is a morphism . :P → P′ in AGn−1 which satis3es
h′-(.) = h. Passing to isomorphism classes, one obtains an abelian group Zn(G;A)
containing the subgroup Bn(G;A) of elements represented by pairs (-(Q); can) with
Q ∈ AGn−2 . So B0(G;A)=B1(G;A)=0. The cohomology groups of G with coe;cients
in A are then de3ned as the quotients,
Hn(G;A) = Zn(G;A)=Bn(G;G); n ≥ 0:
As Ulbrich proves in [17], these groups are isomorphic to the cohomology groups
Hn(G;C) de3ned by Fr:ohlich–Wall [8], where C is the symmetric monoidal G-graded
category associated to A. Moreover, these cohomology groups particularise to the
Eilenberg–MacLane cohomology groups. Thus, in case A=(A A) for A a G-module,
then
Hn+1(G; A A) = HnE−M (G; A); n ≥ 0; (1)
while if A= (A 1); then
Hn(G; A 1) = HnE−M (G; A); n ≥ 0: (2)
In the general case, Ulbrich [16] deals with the interpretation of the third cohomology
group H 3(G;A) in terms of equivalence classes of certain extensions of the form A→
D→ G, where D is a categorical group non-necessarily symmetric. When A= (A
A) is the discrete category de3ned by a G-module A, then the above interpretation
reduces to the well-known isomorphism H 2E−M (G; A) ∼= Ext(G; A), between the second
Eilenberg–MacLane cohomology group of G with coe;cients in A and the set of
equivalence classes of group extensions of G by A (in fact, the method Ulbrich uses
to build an extension from a 3-cocycle of G with coe;cients in A is based on that in
[6] for group cohomology by means of factor sets).
On the other hand, if we consider A = (A  1), taking into account (2), an in-
terpretation of H 3E−M (G; A) is obtained. Nevertheless, it is not di;cult to see that it
coincides with that given by Holt [9], and Huebschmann [10], in terms of equivalence
classes of 2-fold extensions (see Section 2, Example 2.13).
1.1. As mentioned in the introduction, our aim is to provide a suitable de3nition of a
2-fold extension of a group G by a symmetric G-categorical group (see De3nition 2.6),
whose corresponding set of equivalence classes provides an interpretation of H 4(G;A).
To this end, we reformulate the notion of a 4-cocycle of G with coe;cients in A:
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A 4-cocycle of G with coe;cients in A consists of a pair (P; t); where
P :G3 → Obj(A);
t :G4 → Mor(A) (3)
are maps such that, for any g1; g2; g3; g4 ∈ G; t(g1; g2; g3; g4) is a morphism in A
whose source is g1P(g2; g3; g4) ⊗ P(g1; g2 + g3; g4) ⊗ P(g1; g2; g3) and whose target is
P(g1; g2; g3+g4)⊗P(g1+g2; g3; g4) (corresponding canonically to a morphism h : -(P)→
I); and the following diagram (where we have omitted some canonical morphisms) is
commutative for all g1; g2; g3; g4; g5 ∈ G:
1
g1 (t(g2 ;g3 ;g4 ;g5))⊗1−−−−−−−−−→ 2
1⊗t(g1 ;g2 ;g3 ;g4)⊗1

 1⊗t(g1 ;g2+g3 ;g4 ;g5)⊗1
3 4
1⊗t(g1 ;g2 ;g3+g4 ;g5)⊗1

 t(g1 ;g2 ;g3 ;g4+g5)⊗1
5 −−−−−−−−−→
1⊗t(g1+g2 ;g3 ;g4 ;g5)
6
(4)
where, if we write Pi;j; k = P(gi; gj; gk); Pi; j; k+l = P(gi; gj; gk + gl), and lPi; j; k =
glP(gi; gj; gk), for short, then
1= 1(2P3;4;5 ⊗ P2;3+4;5 ⊗ P2;3;4)⊗ P1;2+3;4 ⊗ P1;2;3 ⊗ P1;2+3+4;5;
2= 1(P2;3;4+5 ⊗ P2+3;4;5)⊗ P1;2+3+4;5 ⊗ P1;2+3;4 ⊗ P1;2;3;
3= 1(2P3;4;5 ⊗ P2;3+4;5)⊗ P1;2+3+4;5 ⊗ P1;2;3+4 ⊗ P1+2;3;4;
4= 1P2;3;4+5 ⊗ P1;2+3;4+5 ⊗ P1;2;3 ⊗ P1+2+3;4;5;
5= P1;2;3+4+5 ⊗1 (2P3;4;5)⊗ P1+2;3+4;5 ⊗ P1+2;3;4;
6= P1;2;3+4+5 ⊗ P1+2;3;4+5 ⊗ P1+2+3;4;5:
This commutativity means that the corresponding h : -(P)→ I satis3es -(h) = can.
We say that a 4-cocycle (P; t) is normalised if P(g1; g2; g3)= I when gi=0 for some
0 ≤ i ≤ 3; and t(g1; g2; g3; g4) = can when gi = 0 for some 0 ≤ i ≤ 4.
Two 4-cocycles (P; t) and (P′; t′) are called cohomologous if there exist maps
Q :G2 → Obj(A);
b :G3 → Mor(A); (5)
such that g1Q(g2; g3)⊗ Q(g1; g2 + g3)⊗ P′(g1; g2; g3) is the source of b(g1; g2; g3) and
P(g1; g2; g3) ⊗ Q(g1; g2) ⊗ Q(g1 + g2; g3) is its target (corresponding canonically to
a morphism in AG3 ; . : -Q ⊗ P′ → P); and for any g1; g2; g3; g4 ∈ G the following
P. Carrasco, J.M. Moreno / Journal of Pure and Applied Algebra 163 (2001) 235–257 241
diagram has to be commutative:
(6)
where
1= 1(2Q3;4 ⊗ Q2;3+4 ⊗ P′2;3;4)⊗ P′1;2+3;4 ⊗ P′1;2;3 ⊗ Q1;2+3+4;
2= 1(P2;3;4 ⊗ Q2;3 ⊗ Q2+3;4)⊗ P′1;2+3;4 ⊗ P′1;2;3 ⊗ Q1;2+3+4;
3= 1(2Q3;4 ⊗ Q2;3+4)⊗ P′1;2;3+4 ⊗ P′1+2;3;4 ⊗ Q1;2+3+4;
4= 1(P2;3;4 ⊗ Q2;3)⊗ P1;2+3;4 ⊗ Q1;2+3 ⊗ Q1+2+3;4 ⊗ P′1;2;3;
5= 1(2Q3;4)⊗ P1;2;3+4 ⊗ Q1;2 ⊗ Q1+2;3+4 ⊗ P′1+2;3;4;
6= 1P2;3;4 ⊗ P1;2+3;4 ⊗ P1;2;3 ⊗ Q1;2 ⊗ Q1+2;3 ⊗ Q1+2+3;4;
7= P1;2;3+4 ⊗ P1+2;3;4 ⊗ Q1;2 ⊗ Q1+2;3 ⊗ Q1+2+3;4
(denoting, as before, Qi;j=Q(gi; gj); lQi; j= glQ(gi; gj), and so on). This means that the
corresponding map . : -Q ⊗ P′ → P de3nes a morphism . : (-Q; ,Q)⊗ (P′; t′)→ (P; t)
in Z4(G;A).
We say that the pair (Q; b) is a coboundary from (P; t) to (P′; t′) and we will write
(Q; b) : (P; t)→ (P′; t′).
When both (P; t) and (P′; t′) are normalised 4-cocycles, then a coboundary (Q; b) :
(P; t)→ (P′; t′) is termed normalised if Q(g1; g2) = I when gi = 0 for some 0 ≤ i ≤ 2
and b(g1; g2; g3) = can when gi = 0 for some 0 ≤ i ≤ 3.
Then, it is straightforward to prove the following:
1.2. Proposition. Each 4-cocycle is cohomologous to a normalised 4-cocycle; and
cohomologous normalised 4-cocycles are connected by a normalised coboundary.
Moreover; Ulbrich’s fourth cohomology group H 4(G;A) is the quotient set of the set
of normalised 4-cocycles by the relation of being cohomologous.
2. Categorical G -crossed modules and 2-fold extensions
In this section we introduce the notions of categorical G-crossed modules and of
2-fold extensions of G by a symmetric G-categorical group. We prove that both are
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generalisations of the usual notions of group-crossed modules and 2-fold extensions
of groups [9,10], respectively. Moreover, they contain, as particular cases, the no-
tions of 2-crossed modules and non-abelian 3-extensions of groups as per Conduch)e
[5].
Below, the discrete categorical group de3ned by a group G is denoted by G.
The following de3nition is inspired by a more general notion of crossed module of
categorical groups given by Breen [1].
2.1. De&nition. Let G be a group, a categorical G-crossed module consists of a triad
(H; d; ); where H is a G-categorical group, d :H → G is a G-equivariant morphism
(necessarily strict), considering in G the action given by conjugation (i.e., d(gX )+g=
g+ d(X ) for any g ∈ G and X ∈ Obj(H)), and
= (X;Y : d(X )Y ⊗ X → X ⊗ Y )(X;Y )∈Obj(H)×Obj(H) (7)
is a family of natural isomorphisms in H; such that for all objects X; Y; Z ∈ H and any
element g ∈ G, the following diagrams have to be commutative:
(8)
d(X⊗Y )Z ⊗ (X ⊗ Y )
X⊗Y; Z−−−→ X ⊗ Y ⊗ Z
%⊗1

 1⊗Y; Z
d(X )(d(Y )Z)⊗ X ⊗ Y −−−→
X;dY Z⊗1
X ⊗d(Y ) Z ⊗ Y
(9)
(10)
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d(X )I ⊗ X
X; I−−−−−−→ X ⊗ I
(⊗1

 r
I ⊗ X −−−−−−→
l
X
d(I)X ⊗ I
I; X ;−−−→ I ⊗ X
%0⊗1

 l
X ⊗ I−−−−→
r
B
(11)
If (H; d :H → G; ) and (H′; d′ :H′ → G′; ′) are categorical crossed modules, a
morphism between them consists of a triad (F; 3; ,) where F = (F; ) :H → H′ is
a categorical group homomorphism, 3 :G → G′ a group homomorphism such that
3 · d = d′ · F and (F; ,) :H → H′ is a G-equivariant morphism, considering H′ a
G-categorical group via 3 (see the Preliminaries section).
In addition, for any X; Y ∈ H; the following diagram is commutative:
(12)
2.2. Let us remark that if H0 denotes the 3bre category of d :H → G over the
neutral element of G, then, since both G and d are strict, H0 is a categorical subgroup
of H: Furthermore, since the functor d is G-equivariant, the G-action on H restricts to
H0, and so H0 is a G-categorical subgroup of H:
For any objects X; Y ∈ H0, let cX;Y :X ⊗ Y → Y ⊗ X be de3ned as the composition
X ⊗ Y 
−1
X;Y−→ 0Y ⊗ X %0⊗1−→ Y ⊗ X: (13)
Then we have:
2.3. Proposition. (H0; c) is a braided G-categorical group.
Proof. In the following diagram:
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for objects X; Y; Z ∈ H0, the square just the coherence condition (8); is commutative
due to the funtoriality of the tensor product and the commutativity of is deduced
from the coherence conditions on the action.
So, the outside of the diagram is also commutative, or equivalently, c veri3es one
of the hexagon coherence conditions of [11]. The commutativity of the other hexagon
as well as the compatibility of the action with c are proved in a similar way.
2.4. Remark. It is well known that if - :N → O is a crossed module of groups, then
ker(-) is a subgroup of Z(N ); the centre of N:
If H is a categorical group, the centre of H [11] is the braided categorical group
ZH whose objects are pairs (A; u); where A ∈ H and u :A ⊗ − → −⊗ A is a natural
isomorphism such that the following two conditions hold:
aX;Y;A · uX⊗Y · aA;X;Y = (1X ⊗ uY ) · aX;A;Y · (uX ⊗ 1Y );
lA · uI = rA:
A morphism f : (A; u)→ (B; v) in ZH is a morphism in H, f :A→ B; such that for
all X ∈ H, (1X ⊗ f) · uX = vX · (f ⊗ 1X ). Finally, the tensor product and the braiding
are given by
(A; u)⊗ (B; v) = (A⊗ B; (u⊗ 1) · (1⊗ v));
c(A;u); (B;v) = uB : (A; u)⊗ (B; v)→ (B; v)⊗ (A; u):
Now, if d :H → G is a categorical G-crossed module, then the commutativity of
diagrams (8) and (11) imply that for any A ∈ H0; j(A) = (A; (%0 ⊗ 1) · −1A;−) belongs
to ZH and we have a functor
j :H0 → ZH
with j (f :A → B) = f: Thus, j is a full and faithful functor that is easily proved to
be a strict monoidal functor.
Now, we give some examples of categorical G-crossed modules:
2.5. Example. (i) Let (H; d :H → G; ) be a categorical G-crossed module. If H is
a discrete category such that H = (H  H), for H a G-group, then  is necessarily
an identity and therefore we obtain a G-equivariant group homomorphism d :H → G;
which is a crossed module in the usual sense.
(ii) Let - :N → O be a crossed module. It is well known that the crossed module -
has associated a strict categorical group M; for which Obj(M)=O; while the group of
arrows of M is the semidirect product NoO. An element (n; x) has x (resp. -n+x) as
its source (resp. as its target). Composition is the addition in N and the tensor product
of objects and arrows is given by the addition in O and NoO, respectively. Then it is
easy to see that giving a strict G-action on M is equivalent to giving group G-actions
on O and N such that - is a G-equivariant morphism and (a) g(xn) =
gx(gn) for any
g ∈ G; x ∈ O and n ∈ N .
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Now, under the above conditions, let (M = (N o O  O); d; ) be a categori-
cal G-crossed module. From the functor d :M → G; we obtain a sequence of group
homomorphisms:
N -→O d→G (14)
that is a semi-exact sequence, since for any n ∈ N the pair (n; 0) de3nes a morphism
from 0 to -(n). The natural isomorphisms x;y : dxy + x → x + y; x; y ∈ O; provide a
map
{−;−} :O × O → N
such that x;y=({x; y}; dxy+x) and then (b) -({x; y})=x+y−x−dxy; for all x; y ∈ O.
The naturality of  implies that, for all n ∈ N and x ∈ O, (c) {-n; x} = n −x n and
(d) {x; -n}= xn−dxn, while the commutativity of diagrams (8); (9) and (10), imply,
respectively, that for any x; y; z ∈ O and g ∈ G, (e) {x; y + z}= {x; y}+ dxy{x; z}, (f)
{x + y; z}= x{y; z}+ {x;dyz} and (g) g{x; y}= {gx;gy}:
All in all, this is what Conduch)e de3nes as a 2-crossed module of groups [5],
that is, a pair (N -→O d→G; {−;−}); where N -→O d→G is a semi-exact sequence of
G-equivariant group homomorphisms and {−;−} :O × O → N is a map such that
- :N → O is a crossed module and equations (a)–(g) hold.
Conversely, given a 2-crossed module as before, we obtain a categorical G-crossed
module (M :NoO  O; d; ); where x;y=({x; y}; dxy+x), for all x; y ∈ O. Therefore,
Conduch)e’s 2-crossed modules are particular cases of categorical G-crossed modules.
We are now able to give the main de3nition of this paper:
2.6. De&nition. Let G be a group and A a symmetric G-categorical group. A 2-fold
extension of G by A is a sequence
E :A j→H d→K q→G; (15)
where K is, as for G, the discrete categorical group de3ned by a group K; j and d
are homomorphisms of categorical groups and q a group homomorphism, together with
two families of natural isomorphisms in H;
= (X;Y : d(X )Y ⊗ X → X ⊗ Y )(X;Y )∈Obj(H)×Obj(H);
9= (9x;A : xj(A)→ j(q(x)A))(x;A)∈K×Obj(A):
These data must satisfy the following conditions:
1. q is an epimorphism of groups.
2. (H; d; ) is a categorical K-crossed module.
3. Img(d)=Ker(q), where Img(d) denotes the subgroup of K consisting of the images
of the objects of H.
4. (j; 9) is a K-equivariant morphism, considering in A the K-action given via q.
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5. j establishes an equivalence of braided categorical groups between A and H0; the
3bre of d over 0.
2.7. Remark. Note that if X; Y are objects in H with d(X ) = d(Y ); then there exists
an isomorphism X → j(A) ⊗ Y: In fact, since translations are autoequivalences, there
exists in H a certain isomorphism X → Z ⊗Y with Z an object in H0: As j :A→ H0
is an equivalence, then Z is isomorphic to j(A) for some A in A and the desired
isomorphism is the composition
X ∼→ Z ⊗ Y ∼→ j(A)⊗ Y:
2.8. Remark. Condition (5) also says that H0 is symmetric or, equivalently, that the
diagram
0Y ⊗ X
X;Y−−→ X ⊗ Y
%0; Y⊗1

 %0; X⊗1
Y ⊗ X ←−
Y; X
0X ⊗ Y
is commutative for all objects X; Y ∈ H0.
2.9. Remark. Given objects X in H and A in A; let
’A;X : j(A)⊗ X −→ X ⊗ j(A) (16)
be de3ned as the composition
j(A)⊗ X
−1j(A); X−−−→ 0X ⊗ j(A)
%0; X⊗1−−−→ X ⊗ j(A):
Then, taking into account the coherence conditions on  and the fact that j is a homo-
morphism of braided categorical groups, we have a family of natural isomorphisms
such that the following identities are satis3ed:
j(cA;B) · A;B = ’A;j(B) · B;A;
’I;X · (0 ⊗ 1X ) = (1X ⊗ 0) · (rX )−1 · lX ;
’A;X⊗Y = (1X ⊗ ’A;Y ) · (’A;X ⊗ 1Y );
’A⊗B;X · (A;B ⊗ 1X ) = (1X ⊗ A;B) · (’A;X ⊗ 1j(B)) · (1j(A) ⊗ ’B;X );
(1xX ⊗ 9x;A) ·  x;X; j(A) · x’A;X = ’q(x)A; xX · (9x;A ⊗ 1xX ) ·  x; j(A);X ;
for all A; B ∈ A , X; Y ∈ H and x ∈ K:
Before giving some examples, let us formulate the notion of morphism of extensions.
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2.10. De&nition. If (E; ; 9) and (E′; ′; 9′) are 2-fold extensions of G by A; a mor-
phism between them consists of a four-tuple (F; 3; ,; ") : (E; ; 9)⇒ (E′; ′; 9′);
where (F; 3; ,) : (H; d; ) → (H′; d′; ′) is a morphism of categorical crossed modules
(see De3nition 2.1) such that q′ · 3= q, and " :F · j ⇒ j′ is a morphism of categorical
group homomorphisms.
2.11. With the obvious composition of morphisms, we have the category of 2-fold
extensions of G by A; denoted by 2-Ext(G;A); the corresponding set of connected
components will be denoted by 2-Ext[G;A]: Note that the two 2-fold extensions E and
E′ represent the same element in 2-Ext[G;A] if, and only if, there exists a chain of
morphisms of 2-fold extensions of the form
E= E0→E1←E2→ · · · ←En = E′: (17)
2.12. Remark. It is easy to prove that for any A ∈ A and X ∈ H; the following
identity
(X;j(A))−1 · F(’A;X ) · j(A);X = (1F(X ) ⊗ "A) · ’′A;F(X ) · ("A ⊗ 1F(X ))
is veri3ed, where ’ and ’′ are the natural isomorphisms de3ned in Remark 2.9.
To conclude this section let us see some examples of 2-fold extensions.
2.13. Example. (i) Let A be a G-module. Consider the discrete G-categorical group
it de3nes A= (A A). If (E :A
j→H d→K q→G; ; 9) is a 2-fold extension of G by A;
then, since A is discrete, so is H0, and therefore also all non-empty 3bre categories.
Consequently, H is also discrete and therefore H=(H  H) for a certain K-group H:
Thus, E is identi3ed with the exact sequence of groups
0→A j→ H d→ K q→ G→ 1
where, by (i) in Example 2.5, d :H → K is a group-crossed module. Furthermore,
since 9x;a has to be an identity, then for any a ∈ A and x ∈ K; j(q(x)a) = xa: That is,
the above exact sequence is a 2-fold extension of G by the G-module A in the sense
of Huebschmann [10,9]. We then conclude that 2-Ext[G; A A] ∼= 2-Ext[G; A]; where
the latter is the set of classes (module Yoneda relation) of 2-fold extensions of G
by A:
(ii) Given a G-module A; we now consider the symmetric G-categorical group with
only one object (A 1):
Let
(E : (A 1)
j→H d→K q→G; ; 9) (18)
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be a 2-fold extension of G by (A  1) such that H is a strict K-categorical group
de3ned by a crossed module - :N → O: As we saw in Example 2.5(ii), (H=NoO 
N; d; ) has associated a 2-crossed module (N -→O d→K; {−;−} :O × O → N ); with
x;y = ({x; y}; dxy + x):
The functor j : (A 1)→ H allows us to de3ne a group homomorphism i :A→ N
such that j(a) = (i(a); 0) : 0 → 0; and so -i(a) = 0: In addition, since j is a faithful
functor, then i is a monomorphism.
Now, if n ∈ Ker(-); then (n; 0) : 0 → 0 is a morphism in H0; and so there exists
a ∈ A with j(a)=(i(a); 0)=(n; 0); that is, i(a)=n: Finally, if x ∈ Ker(d); then x is an
object of H0 and, using that j is an equivalence, there exists a morphism, (n; 0) : 0→ x;
or equivalently, an element n ∈ N with -(n) = x:
Consequently, we have an exact sequence of groups
E : 0→ A i→N -→O d→K q→G → 1 (19)
with N -→O d→K a 2-crossed module, and i a K-equivariant morphism, considering in
A the K-action given via q (since the natural isomorphism 9 has to be an identity).
That is, E is a non-abelian 3-extension of G by A in the sense of Conduch)e [5].
It is clear that any non-abelian 3-extension of G by a G-module A such as (19), has
associated a 2-fold extension of G by (A 1) like (18). In consequence, Conduch)e’s
3-extensions are particular cases of our 2-fold extensions.
(iii) Let A be a symmetric G-categorical group and consider the trivial homomor-
phism 0 :A→ G. We then have a 2-fold extension
(E :A 1→A 0→G 1→G; ; 1);
where A;B = cB;A · (%0;B ⊗ 1A) : 0B⊗ A→ A⊗ B; for any A; B ∈ A: This extension, as
well as any other 2-extension representing the same element in 2-Ext[G;A]; will be
called a trivial 2-extension of G by A:
3. Classi&cation of 2-fold extensions
Let G be a group and A a symmetric G-categorical group and let
(E :A j→H d→K q→G; ; 9)
be a 2-fold extension of G by A (see De3nition 2.6). We will associate to E a
4-cocycle of G with coe;cients in A (see 1.1) following the usual method of Schreier
factor sets.
Choose for g ∈ G an element s(g) ∈ K with q(s(g)) = g: Then, for any g1; g2 ∈ G;
q(s(g1) + s(g2)) = q(s(g1 + g2)): Therefore, since Img(d) = Ker(q); we can choose an
object Xg1 ;g2 in H such that
s(g1) + s(g2) = d(Xg1 ;g2 ) + s(g1 + g2): (20)
The associativity in G implies that, for any g1; g2; g3 ∈ G;
d(Xg1 ;g2 ⊗ Xg1+g2 ;g3 ) = d(s(g1)Xg2 ;g3 ⊗ Xg1 ;g2+g3 )
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and then we again choose an object P(g1; g2; g3) in A such that there exists a morphism
in H (see Remark 2.7):
ug1 ;g2 ;g3 :
s(g1)Xg2 ;g3 ⊗ Xg1 ;g2+g3 → j(P(g1; g2; g3))⊗ Xg1 ;g2 ⊗ Xg1+g2 ;g3 : (21)
Now, since j is full and faithful we obtain a unique morphism in A,
g1P(g2; g3; g4)⊗ P(g1; g2 + g3; g4)⊗ P(g1; g2; g3)
t(g1 ;g2 ;g3 ;g4)

P(g1; g2; g3 + g4)⊗ P(g1 + g2; g3; g4);
making the following diagram commutative:
(22)
Above ’ is the natural isomorphism (16), Xi;j denotes Xgi;gj ; for short, Xi;j+k denotes
Xgi;gj+gk and the same notation for P:
Then it is straightforward to prove the following proposition:
3.1. Proposition. The pair of maps we have built (P :G3 → Obj(A); t :G4 → Mor(A))
de4nes a 4-cocycle of G with coe5cients in A:
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The construction of the 4-cocycle (P; t) depends on the choice of s(g); Xg1 ;g2 ,
P(g1; g2; g3) and ug1 ;g2 ;g3 : Another choice of s
′(g); X ′g1 ;g2 , P
′(g1; g2; g3) and u′g1 ;g2 ;g3 like
the above one de3nes a 4-cocycle (P′; t′) cohomologous to (P; t):
Since q(s(g)) = q(s′(g)) for all g ∈ G, let h(g) ∈ H be chosen such that s′(g) =
d(h(g)) + s(g). Then,
d(h(g1)⊗ s(g1)h(g2)⊗ Xg1 ;g2 ) = d(X ′g1 ;g2 ⊗ h(g1 + g2))
for all g1; g2 ∈ G, and therefore we can choose an object Q(g1; g2) in A and a morphism
in H (see Remark 2.7)
vg1 ;g2 : h(g1)⊗ s(g1)h(g2)⊗ Xg1 ;g2 → j(Q(g1; g2))⊗ X ′g1 ;g2 ⊗ h(g1 + g2):
Now, for any three elements g1; g2; g3 ∈ G; we de3ne
g1Q(g2; g3)⊗ Q(g1; g2 + g3)⊗ P′(g1; g2; g3)
b(g1 ;g2 ;g3)−−−−→P(g1; g2; g3)⊗ Q(g1; g2)⊗ Q(g1 + g2; g3)
as the unique one which makes the following diagram commutative:
where
1= j(g1Q2;3)⊗ (dh1+sg1)X ′2;3 ⊗ (dh1+sg1)h2+3 ⊗ h1 ⊗ X1;2+3;
2= (dh1+sg1)(h2 ⊗ sg2h3 ⊗ X2;3)⊗ h1 ⊗ X1;2+3;
3= j(g1Q2;3)⊗ (dh1+sg1)X ′2;3 ⊗ h1 ⊗ sg1h2+3 ⊗ X1;2+3;
4= h1 ⊗ sg1h2 ⊗ (sg1+sg2)h3 ⊗ j(P1;2;3)⊗ X1;2 ⊗ X1+2;3;
5= j(g1Q2;3 ⊗ Q1;2+3)⊗ (dh1+sg1)X ′2;3 ⊗ X ′1;2+3 ⊗ h1+2+3;
6= j(P1;2;3 ⊗ Q1;2)⊗ X ′1;2 ⊗ h1+2 ⊗ s(g1+g2)h3 ⊗ X1+2;3;
7= j(g1Q2;3 ⊗ Q1;2+3 ⊗ P′1;2;3)⊗ X ′1;2 ⊗ X ′1+2;3 ⊗ h1+2+3;
8= j(P1;2;3 ⊗ Q1;2 ⊗ Q1+2;3)⊗ X ′1;2 ⊗ X ′1+2;3 ⊗ h1+2+3:
The pair of maps (Q :G2 → Obj(A); b :G3 → Mor(A)) de3nes a coboundary
(see 1.1) from (P; t) to (P′; t′) and thus, the cohomology class of the 4-cocycle de3ned
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by the 2-fold extension (E; ; 9) does not depend on the choices made. (P; t) will be
called a Schreier system of the 2-fold extension and its equivalence class in H 4(G;A)
will be denoted by <(E; ; 9).
3.2. Proposition. Any 2-fold extension of G byA (E; ; 9) admits a normalised Schreier
system.
Proof. Take s(0)=0 and X0; g=I=Xg;0, for all g ∈ G. Then we can choose P(g1; g2; 0)=
P(g1; 0; g2)=P(0; g1; g2)=I , the morphism ug1 ;g2 ;0 by the commutativity of the diagram:
s(g1)I ⊗ Xg1 ;g2
ug1 ;g2 ;0−−→ j(I)⊗ Xg1 ;g2 ⊗ I
(⊗1

 0⊗1
I ⊗ Xg1 ;g2 r←− I ⊗ Xg1 ;g2 ⊗ I
and analogously ug1 ;0;g2 , and u0; g1 ;g2 . Then it is easy to prove that the resulting 4-cocycle
is normalised (see 1.1).
3.3. Proposition. Let (F; 3; ,; ") : (E; ; 9) → (E′; ′; 9′) be a morphism of 2-fold ex-
tensions of G by A:
Then <(E; ; 9) = <(E′; ′; 9′):
Proof. Let (P; t) be the 4-cocycle associated to (E; ; 9); once s(g); Xg1 ;g2 and ug1 ;g2 ;g3
have been chosen. Since q′ · 3 = q and d′ · F = 3 · d; we can take s′(g) = 3s(g);
X ′g1 ;g2=F(Xg1 ;g2 ) and u
′
g1 ;g2 ;g3 as the unique morphism given by the commutative diagram:
s′g1X ′g2 ;g3 ⊗ X ′g1 ;g2+g3
u′g1 ;g2 ;g3−−−−−−→ j′(P(g1; g2; g3))⊗ X ′g1 ;g2 ⊗ X ′g1+g2 ;g3
·(,⊗1)

 ("P(g1 ;g2 ;g3)⊗1)·
F(sg1X2;3 ⊗ Xg1 ;g2+g3 ) −−−−→
F(ug1 ;g2 ;g3 )
F(j(P(g1; g2; g3))⊗ Xg1 ;g2 ⊗ Xg1+g2 ;g3 ):
Then, the resulting 4-cocycle for (E′; ′; 9′) coincides with (P; t). Therefore, <(E; ; 9)
= <(E′; ′; 9′).
We thus have a well-de3ned map
< : 2-Ext[G;A]→ H 4(G;A) (23)
which we will prove to be bijective:
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3.4. Lemma. Let (P; t) ∈ H 4(G;A) be a normalised 4-cocycle of G with coe5cients
in A; then there exists a 2-fold extension of G by A; E(P; t); such that
1. (P; t) is a Schreier system of E(P; t).
2. If (E′; ′; 9′) is a 2-fold extension of G by A which has (P; t) as a Schreier system;
then there exists a morphism of 2-fold extensions E(P; t)→ (E′; ′; 9′).
3. If (P; t) and (P′; t′) are cohomologous 4-cocycles; then there exists a morphism
of 2-fold extensions; E(P; t)→ E(P′; t′).
Proof. Let F be the free group with generators {s(g); g∈G}, with s(0)=0, and q :F→
G the canonical projection. It is well known that the kernel of q; L= Ker(q), is also
a free group with generators {l1;2 = s(g1) + s(g2) − s(g1 + g2); g1; g2 ∈ G∗}, where
G∗⊂G denotes the subset of those elements not equal to zero.
For any w ∈ F and l ∈ L, let ?(w; l) ∈ Obj(A) be de3ned inductively in the length
of l by
• ?(w; 0) = I ,
• ?(w; l1;2) = ?(w; s(g1) + s(g2)− s(g1 + g2)) = P(q(w); g1; g2),
• ?(w;−l1;2) = P(q(w); g1; g2)∗,
• ?(w; l+ (−1)@l1;2) = ?(w; l)⊗ ?(w; l1;2)@;
where
@=± 1 and A@ =
{
A if @=1
A∗ if @=− 1 for any A∈Obj(A):
Then, for all w; w′ ∈ F; l; l′ ∈ L and g1; g2 ∈ G, we are able to de3ne the canonical
isomorphisms:
#= #w;l :?(w;−l)→ ?(w; l)∗; a= aw;l; l′ :?(w; l+ l′)→ ?(w; l)⊗ ?(w; l′);
rl :?(0; l)→ I; rl; l′ :?(l; l′)→ I
and
?(w; w′ + l1;2 − w′)
&w;w′ ;g1 ;g2−−−→P(qw; qw′; g1)⊗ P(qw; qw′ + g1; g2)⊗ P(qw; qw′; g1 + g2)∗:
These isomorphisms are built, inductively in the length of l, using the canonical mor-
phisms in A; a; c; l; r; m and n.
Now, considering t :G4 → Mor(A), we de3ne morphisms
tw;w′ ; l : q(w)?(w′; l)⊗ ?(w; w′ + l− w′)→ ?(w + w′; l) (24)
for all w; w′ ∈ F, inductively in the length of l, as follows:
• For l = l1;2 = s(g1) + s(g2) − s(g1 + g2); g1; g2 ∈ G; tw;w′ ; l1; 2 is given by the com-
position:
qw?(w′; l1;2)⊗ ?(w; w′ + l1;2 − w′) = qwP(qw′; g1; g2)⊗?(w; w′+ l1;2−w′)
↓ (1⊗c⊗1)(1⊗&w;w′ ; g1 ;g2 )
qwP(qw′; g1; g2)⊗P(qw; qw′+g1; g2)⊗P(qw; qw′; g1)⊗P(qw; qw′; g1 + g2)∗
↓ t(qw;qw′ ;g1 ;g2)⊗1
P(qw; qw′; g1 + g2)⊗ P(qw + qw′; g1; g2)⊗ P(qw; qw′; g1 + g2)∗
↓ l(m⊗1)(1⊗c)
P(qw + qw′; g1; g2) = ?(w + w′; l1;2)
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• For l=−l1;2=−(s(g1)+s(g2)−s(g1+g2)); g1; g2 ∈ G; tw;w′ ;−l1; 2 is the composition:
qw?(w′;−l1;2)⊗ ?(w; w′ − l1;2 − w′)
↓ 1⊗#
qw?(w′;−l1;2)⊗ ?(w; w′ + l1;2 − w′)∗
↓ can
[qw?(w′; l1;2)⊗ ?(w; w′ + l1;2 − w′)]∗
↓ t∗w;w′ ; l1; 2
?(w + w′; l1;2)∗ = ?(w + w′;−l1;2)
• Finally, for any l ∈ L; tw;w′ ; l+l1; 2 is the composition:
qw?(w′; l+ l1;2)⊗ ?(w; w′ + l+ l1;2 − w′)
↓ (1⊗c⊗1)( ⊗a)
qw?(w′; l)⊗ ?(w; w′ + l− w′)⊗qw ?(w′; l1;2)⊗ ?(w; w′ + l1;2 − w′)
↓ tw; w′ ; l⊗tw; w′ ; l1; 2
?(w + w′; l)⊗ ?(w + w′; l1;2) = ?(w + w′; l+ l1;2):
Now, let H be the categorical group whose set of objects is Obj(A)× L; and given
objects (A; l); (B; l′) ∈ H, then HomH((A; l); (B; l′)) is equal to HomA(A; B) if l = l′
and empty if l = l′. The composition is induced by that of A and the tensor product
is given by (A; l)⊗ (B; l′) = (A⊗ B; l+ l′), in objects and in morphisms as in A. The
unit object is the pair (I; 0) and the canonical isomorphisms of associativity and left
and right units are given by those in A (moreover ((A∗;−l); mA; nA) is an inverse for
(A; l) ∈ H).
The map ? :F × L → Obj(A) and the morphisms tw;w′ ; l, allow us to de3ne an
F-action on H as follows:
w(A; l) = (q(w)A⊗ ?(w; l); w + l− w)
for any object (A; l) in H and w ∈ F; and for any morphism f : (A; l)→ (B; l) in H
wf = q(w)f ⊗ 1?(w;l) : (q(w)A⊗ ?(w; l); w + l− w)→ (q(w)B⊗ ?(w; l); w + l− w):
For objects (A; l); (B; l′) in H and elements w; w′ ∈ F; the natural isomorphism
Cw; (A;l); (B;l′) : w[(A; l)⊗ (B; l′)]→w (A; l)⊗w (B; l′)
is de3ned by the composition:
q(w)(A⊗ B)⊗ ?(w; l+ l′)(1⊗c⊗1)·( ⊗a)−−−−−−−−→ q(w)A⊗ ?(w; l)⊗ q(w)B⊗ ?(w; l′);
while Dw;w′ ; (A;l) : w+w
′
(A; l)→ w(w′(A; l)) is given by the commutativity of the follow-
ing diagram:
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Finally, D0; (A;l) : 0(A; l)→ (A; l) is given by the composition
D0 = rA · (%0 ⊗ rl) : 0A⊗ ?(I; l)→ A:
It is straightforward to see that the coherence conditions for the above action follow
from the coherence conditions for the G-action on A, the commutativity of (4) for
(P; t) and the normalisation condition for (P; t) (see 1:1).
The 2-fold extension of G by A associated to (P; t); (E(P; t); ; 9), is described as
follows:
E(P; t) :A j→H d→F q→G; (25)
where d(A; l) = l for any object (A; l) in H, and j(A) = (A; 0) for any A ∈ A (thus, j
is a strict morphism).
The natural isomorphism (A;l); (B;l′) : d(A;l)(B; l′)⊗ (A; l)→ (A; l)⊗ (B; l′), for objects
(A; l); (B; l′), is the morphism in H making the following diagram commutative:
0B⊗ ?(l; l′)⊗ A −−→

A⊗ B
%0⊗rl; l′⊗1A

 cA; B
B⊗ I ⊗ A −−−−→
rB⊗1A
B⊗ A
and for any element w ∈ F; 9w; (A;l) is the right-unit constraint, i.e.
9w; (A;l) = rq(w)A :
wj(A) = (q(w)A⊗ ?(w; 0); 0)→ j(q(w)A) = (q(w)A; 0):
(E(P; t); ; 9) is termed the 2-fold extension of G by A de4ned by the 4-cocycle
(P; t). It is clear that (P; t) is a Schreier system of (E(P; t); ; 9), by taking for all
g1; g2; g3 ∈ G; Xg1 ;g2 = (I; l1;2 = s(g1) + s(g2)− s(g1 + g2)) ∈ H and ug1 ;g2 ;g3 ∈ Mor(H),
(21), by the commutativity of the diagram
g1 I ⊗ P(g1; g2; g3)⊗ I
ug1 ;g2 ;g3−−−→ P(g1; g2; g3)⊗ I ⊗ I
(⊗1

 r
I ⊗ P(g1; g2; g3)⊗ I −−−→
l
P(g1; g2; g3)⊗ I
and so (1) is proved. Now, let us see (2):
Suppose that (E′ :A j
′
→H′ d
′
→K ′ q
′
→G; ′; 9′) is a 2-fold extension that has (P; t) as
a Schreier system, once we have chosen s′(g) ∈ K ′; X ′g1 ;g2 ∈ H′ and u′g1 ;g2 ;g3 ∈
Mor(H′) as in (20) and (21). Then, we de3ne a morphism of 2-fold extensions
(F; 3; ,; ") : (E(P; t); ; 9)→ (E′; ′; 9′)
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by taking 3 :F→ K ′ as the unique group homomorphism such that 3(s(g)) = s′(g) for
all g ∈ G:
To de3ne F = (F; ) :H → H′, let X ′ :L → Obj(H′) be the unique map such that
X ′(0) = I and X ′(l1;2) = X ′g1 ;g2 , for any g1; g2 ∈ G. Then, F is given in objects by
F(A; l) = j′(A)⊗ X ′(l); and for f : (A; l)→ (B; l) a morphism, F(f) = j′(f)⊗ 1X ′(l).
The natural isomorphism  :F((A; l)⊗ (B; l′))→ F(A; l)⊗F(B; l′) is the morphism in
H′ making the following diagram commutative:
j′(A⊗ B)⊗ X ′(l+ l′)
(A;l);(B;l′)−−−−→ j′(A)⊗ X ′(l)⊗ j′(B)⊗ X ′(l′) A; B⊗1 1⊗’′⊗1

j′(A)⊗ j′(B)⊗ X ′(l+ l′) −−→
1⊗can
j′(A)⊗ j′(B)⊗ X ′(l)⊗ X ′(l′);
where ’′B;X ′(l) : j
′(B)⊗ X ′(l)→ X ′(l)⊗ j′(B) is the one de3ned in Remark 2.9.
Finally, the morphism " :F · j ⇒ j′ is given, for each object A ∈ A; by
"A = rj′(A) :Fj(A) = j′(A)⊗ I → j′(A)
and for any w ∈ F and (A; l) ∈ H, the morphism
,w; (A;l) : 3(w)F(A; l)→ F(w(A; l))
is the composition
3(w)j′(A)⊗ X ′(l)
↓ 9′⊗uw; l
j′(q(w)A)⊗ j′(?(w; l))⊗ X ′(w + l− w)
↓ ⊗1
j′(q(w)A⊗ ?(w; l))⊗ X ′(w + l− w);
where uw;l :X ′(l)→ j′(?(w; l))⊗ X ′(w+ l−w) is the morphism in H′ which, for the
basic elements w = s(g1) and l2;3 = s(g2) + s(g3) − s(g2 + g3), makes the following
diagram commutative:
Finally, (3) is proved similarly.
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As an immediate consequence of the above lemma, we obtain:
3.5. Theorem. Let G be a group and A a symmetric G-categorical group. Map (23)
< : 2-Ext[G;A]→ H 4(G;A)
is a bijection. Its inverse is the map which applies the class of a 4-cocycle (P; t) in
H 4(G;A) to the class of the 2-fold extension (E(P; t); ; 9):
3.6. Theorem. Note that, using the above bijection, the set 2-Ext[G;A] inherits an
abelian group structure from that of H 4(G;A). However, one can look for the Baer
sum of 2-fold extensions so that the map < is an isomorphism of groups. We will not
undertake it here as it is beyond the scope of this paper.
Lemma 3.4 allows us to simplify the equivalence relation de3ned between 2-fold
extensions in order to obtain 2-Ext[G;A] (see (17)):
3.7. Corollary. Two 2-fold extensions of G by A; (E; ; 9) and (E′; ′; 9′); deter-
mine the same element in 2-Ext[G;A] if; and only if; there exists a 2-fold extension
(E′′; ′′; 9′′) and morphisms of 2-fold extensions in the form
E← E′′ → E′:
3.8. Example. (i) Let G be a group and A a G-module. Consider the discrete G-
categorical group (A A) it de3nes. Then, we know (see (1)) that there exists a bi-
jection H 4(G; A A) ∼= H 3(G; A), the third Eilenberg–MacLane cohomology group of
G with coe;cients in the G-module A. Combining this with the bijection from Exam-
ple 2.13(i), Theorem 3.5 particularises to the known classi3cation of 2-fold extensions
of G by the G-module A.
(ii) With the same data as in the above example, we now consider the symmetric
G-categorical group (A  1). Then, by (2), H 4(G; A  1) ∼= H 4(G; A); the fourth
cohomology group of G by A. So, Theorem 3.5 gives an interpretation of this group
in terms of classes of 2-fold extensions of G by (A 1).
Another interpretation of H 4(G; A) is given by Conduch)e [5], who proves the exis-
tence of a bijection
<′ :NA3(G; A)→ H 4(G; A);
where NA3(G; A) denotes the set of (Yoneda) classes of non-abelian 3-extensions of
G by A; described in Example 2.13(ii).
From that example, we have a map
E :NA3(G; A)→ 2-Ext[G; A 1];
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which turns out to be a bijection since it is not di;cult to see that the diagram
is commutative.
Therefore, any element of 2-Ext[G; A 1] can be represented by a 2-fold extension
(E : (A  1)
j→H d→K q→G; ; 9); where H is a strict K-categorical group de3ned by
a crossed module.
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